We study a driven lattice gas model for the length dynamics of treadmilling filaments in the presence of molecular motors. A treadmilling filament grows by subunit addition at one end and shrinks by subunit removal at the other. Molecular motors can attach to the filament, move towards the shrinking end, and detach from the filament. We consider motors that are also capable of inducing subunit removal at the shrinking filament end. Stochastic simulations reveal a phase of unimodal length distribution and a phase of unbounded growth. Exploiting a condition on the motor flux, we explore the system's phase diagram. In certain limits we can define random walks that allow us to estimate the full length distribution. The width of steady state distributions decreases with increasing motor activity. Our analysis indicates possible ways that cells can use to regulate the size of cytoskeletal structures such as mitotic spindles by controlling various motor properties.
I. INTRODUCTION
It is to a large extent unknown what determines the size of biological structures. This statement holds for structures on all length scales from population sizes or the size of individual organisms down to the size of cellular structures or of single molecules. While singular historic events might play an important role in determining, for example, the length of a genome, physics can help us understand the size of other structures, for example, the maximal size of a tree or the necessary size of wings for flying. In this work we study a possible physical mechanism of size regulation of microtubules and actin filaments, which are important biopolymers present in almost all eukaryotic cells [1] .
Microtubules and actin filaments are the main constituents of the cytoskeleton. This network of filamentous proteins is involved in numerous vital processes and forms important structures [1] : During cell division it builds the mitotic spindle, a microtubule-based structure that segregates the two copies of the genetic material onto the future daughter cells. In later stages of cell division, actin filaments form a ring that cleaves the mother cell upon constriction. Microtubules and actin filaments also form cellular protrusions notably involved in cell locomotion. The sizes of these structures and/or their mechanical properties are often determined by the lengths of the cytoskeletal filaments [2] .
Microtubules and actin filaments are linear assemblies of noncovalently linked protein subunits. The two ends of these cytoskeletal filaments are structurally different, which endows them with a structural polarity that is exploited by cells in various ways. As one consequence of this polarity, the kinetics of subunit addition and removal at the two ends is in general distinct at both ends. Furthermore, in contrast to conventional polymers, the assembly of cytoskeletal filaments is a dissipative process as it depends on the hydrolysis of nucleotide triphosphates. Together these properties can lead to treadmilling dynamics [3] [4] [5] . In such situations filaments show net growth at one end, the plus end, and net shrinkage at the opposite end, the minus end. In other circumstances filaments can show dynamic instability [6] , where one end is inert and the other switches stochastically between phases of growth and of shrinkage.
One important determinant of the filament length distribution is the subunit concentration. The dependence of the filament assembly has been studied in great detail for both passive polymers [7] , where the assembly is not driven by a ligand associated with the subunits, and active polymers such as microtubules and actin filaments [8] [9] [10] [11] . For the latter it was notably studied how accessory molecules such as capping proteins that inhibit addition of further subunits or severing proteins that cut filaments affect the length distribution [12] [13] [14] . More recently, also molecular motors have been considered in this context [15] [16] [17] [18] [19] [20] .
Molecular motors are enzymes capable of transforming chemical energy into mechanical work [1, 2] . By hydrolyzing adenosine triphosphate they can move directionally along a microtubule or an actin filament. In cells these motors are used to transport cargos or generate mechanical stresses. In addition, some motors are known to remove subunits from the end of filaments [21] [22] [23] . Experimental and theoretical works suggest that motor molecules can lead to an effectively lengthdependent subunit removal rate [15] [16] [17] [18] [19] [20] . As a consequence, cells might use them to regulate the length of cytoskeletal filaments.
Molecular motors have inspired a large class of driven diffusive systems that have been used to study fundamental properties of physical systems out of thermodynamic equilibrium. In this context, the totally asymmetric simple exclusion process (TASEP) is probably the best known system [24] [25] [26] [27] . It consists of a linear lattice of finite size and particles on the lattice can hop in one direction provided the target site is not occupied. Particles enter the lattice at one end and leave it at the other. Depending on the rates of particles entering and leaving the system, different phases have been identified, which lead to the notion of boundary-induced phase transitions [26] [27] [28] , a phenomenon unknown in equilibrium systems. Since molecular motors can attach and detach anywhere along a filament, the TASEP has been extended by Langmuir kinetics for the particles, which lead to the discovery of stationary domain walls [29, 30] .
Several models have been introduced recently to study theoretically the interplay of molecular motors and length dynamics of cytoskeletal filaments. In spatially extended systems the organization of filaments into asters and waves was observed [31] [32] [33] , filament networks were found to polarize [34, 35] , and contractile bundles of filaments and motors were seen to be stabilized by filament assembly and disassembly [36] . The latter also lead to a suppression of motor jams [37, 38] . More recently, lattice models were introduced to study the effect of molecular motors on the filament length distribution [17, 19, 20, 39] .
In this work we study a lattice model for treadmilling filaments in the presence of molecular motors that can induce the removal of subunits from a filament end. This situation is motivated by works on the motors Kar3p and KLP10A that interact with microtubules. Invitro experiments with Kar3p have shown that it increases the depolymerization rate of the minus ends of treadmilling microtubules [40, 41] . Experiments on the fruit fly Drosophila melanogaster suggest that KLP10A influences the length of mitotic spindles by increasing depolymerization [42] . At the same time microtubules are known to treadmill in a spindle. The case of motors interacting with microtubules showing dynamic instability was studied in Ref. [20] . The present work extends the analysis presented in a previous Letter [19] by including a finite detachment rate of motor molecules from the filament. In that work we found that molecular motors can induce a unimodal microtubule length distribution and the quality of length regulation increases with increasing motor hopping rate. We had restricted our discussion to motors that leave the system only by removing a subunit at the minus end. Here we show that similar effects can be observed if the motor detachment rate from the filament bulk is finite as is the case for real motor molecules. We determine the phase boundary between unimodal length distributions and unbounded filament growth as well as the phase diagrams for semi-infinite and treadmilling filaments.
II. DRIVEN LATTICE GAS MODEL FOR TREADMILLING FILAMENTS AND MOTORS
Consider a single isolated filament, which is immersed in a reservoir of filament subunits and motors. We neglect the internal structure of the filament and describe it as a linear lattice of L identical sites (see Fig. 1 ). Sites are added to the lattice at one end, called the plus end, at a rate of α, and are removed at the other end, referred to as the minus end, at a rate ofβ. If only one site is left, sites can only be added to the system. Motors are represented by particles on the lattice, where each site can take at most one particle. Empty sites are occupied at a rate of ω and particles detach from the lattice at a rate ofω. The removal rate of occupied sites at the minus end FIG. 1. Schematic representation of the system. A treadmilling filament is described by a lattice of dynamic length. Motors are represented as particles that occupy the sites. At one end sites are added at a rate of α. At the opposing end, empty (occupied) sites are removed at a rate of β (β). Particles attach to empty sites at a rate of ω and detach from the lattice at a rate ofω. Particles hop to adjacent free sites in the direction of the shrinking end at a rate of γ . is β. We consider only the case of destabilizing motors such that β >β. Finally, a particle can hop with a rate of γ to the neighboring site in the direction of the minus end provided the destination site is empty. Formally, the probability π i of site i to be occupied evolves according tȯ
where the plus end is always at site i = 1 and π i,i+1 denotes the probability that site i is occupied and site i + 1 is empty. The length of the lattice changes according tȯ
From now on we scale all rates by the rate of site addition α.
Of main interest in this work will be the system's length distribution. Obviously, if the rate of site addition always exceeds that of site removal, the system will grow without a bound. In the opposite case, the system size will shrink on average and fluctuations in the system's assembly process will generate a monotonically decaying length distribution. We will show below that a third state exists, in which the system size fluctuates around a nonzero maximal value [14, 19] .
In addition to the length distribution, the system behavior can be classified with respect to the steady state particle distributions. As in other asymmetric exclusion processes, there are low-and high-density phases [28] as well as mixed phases with localized domain walls separating high-and low-density regions [29] . We will see in the course of our analysis that the motor and filament length distributions are intimately related.
In Fig. 2 we present the time evolution of the system for three different parameter sets in terms of kymographs. In this representation empty sites are colored in blue, while occupied sites are red. As anticipated above, the system size either shrinks to zero, fluctuates around a finite mean value, or diverges [see Figs The three different phases can be intuitively understood by using a mean-field argument: For β =β the site removal rate depends on the presence or absence of a particle at the minus end. The probability for a site to be occupied increases with the time it spends in the system. As a consequence, the average occupation number ρ(L) of site L increases with the distance to the plus end, which in turn implies an effective length-dependent site removal rate β eff (L) [14, 15, [18] [19] [20] . The qualitative dependence of the effective depolymerization rate on the system size is sketched in Fig. 2(f) . In the case β eff (L) > 1 for all L, site removal is always faster than subunit addition and only fluctuations will lead to system sizes larger than 1 and the steady state size distribution is monotonically decreasing, but typically not exponential [see Fig. 2(d) ]. If for all L, β eff (L) < 1, then site addition always occurs at a faster rate than site removal and the system size will diverge. In the intermediate case there exists a typical length L typ for which site addition and removal balance on average. This length is a stable fixed point of the mean-field dynamics because
The expression for β eff (L) can be obtained exactly once the steady state length distribution is known.
It is not evident, though, how to derive an expression for β eff from first principles. The mean-field argument given above suggests that we write
). We will show below that this approach fails in most cases because correlations between the monomer state of the last and penultimate sites cannot be neglected.
In the following we calculate ρ(L) by considering the motor distribution on a semi-infinite filament. With these results we will be in a position to determine the conditions for which the system reaches a finite size and discuss the average and width of the unimodal size distributions.
III. STEADY STATE PARTICLE DISTRIBUTION IN A SEMI-INFINITE SYSTEM
For the discussion of the system size distribution it will be helpful to have a thorough idea of the motor distribution along a lattice that extends from the plus end to infinity. As above, the reference system is such that the plus end is always at site i = 1.
Let n i be the occupation number of site i with n i = 0 for an empty and n i = 1 for an occupied site. In Fig. 3 we present the average occupation number ρ i = n i ≡ π i for different values of the hopping rate γ and different ratios ω/ω of the particle attachment and detachment rates. It is a monotonically increasing function of the distance to the plus end and approaches the asymptotic density ρ ∞ = ω/(ω +ω).
For sufficiently large values of γ , the limiting value is reached at a finite lattice site. In this case a shock, that is, a region of abrupt change in the average occupation number, appears.
To give an intuitive understanding of shock formation, consider the caseω = 0 and an initially fully occupied lattice. Due to the addition of subunits at the plus end, the boundary of the fully occupied region will move away from the plus end. At the same time, it will move towards the plus end due to motor transport and attachment. The position of the boundary of the fully occupied region stops moving with respect to the plus end as soon as the rates of motion towards and away from it are equal.
A. Mean-field approximation
To calculate the average occupation profile in a steady state, we invoke a mean-field approximation and set n i n i+1 = n i n i+1 . For the TASEP the phase diagram obtained from the mean-field approximation equals the exact phase diagram [26, 28] . For our system we find numerically that the mean-field approximation is exact as long as the hopping rate γ < 1 (see Fig. 4 ). For larger hopping rates, the two-point correlation turns into an increasingly linear function of the mean occupation number n i .
From the master equations (1) and (2) we can infer the time evolution of the mean-field density ρ MF i . Explicitly, it is given byρ
for i > 1 andρ Here the particle current j i from site i to site i + 1 is given by
for i = 1, . . .. In addition to particle hopping it also accounts for site addition at the plus end because site i = 1 is always associated with the plus end. The steady state mean-field distribution can be obtained exactly by recursively expressing ρ
by solving Eqs. (5) and (6) . The value of ρ MF 1 is then obtained from the flux-balance condition
It reflects that the total net rate of particle attachment must equal the net particle flux out of the system.
In Fig. 3 we present numerical solutions to Eqs. (5) and (6) . We find that the average occupation number is well approximated by the mean-field equations as long as it does not reach ρ ∞ anywhere in the system or, equivalently, as long as no shock is formed. This also holds for γ > 1 even though we have seen in Fig. 4 that the mean-field approximation for the current should break down in this case.
We can obtain an improved description of the average occupation profile in the case of shock formation if we account for fluctuations in the process of site addition at the plus end. Indeed, the time T having passed since site i has been incorporated into the system is a stochastic variable. Let n i T denote the average occupation number of site i at a time T after it has been added to the system. Then we can write
, where p i (T ) is the probability that site i has been incorporated a time T ago. As site addition is a Poisson process, the corresponding probability distribution of times T is given by jT , where δ jk denotes the Kronecker delta. Inserting this expression into the formula for ρ i , we arrive at
The motor profile obtained in this way is in remarkably good agreement with the simulation results (see Fig. 3 ).
B. Shock position
We can gain insight into the existence and position of a shock by considering the continuum limit of Eqs. (5) and (6) . To this end we replace the discrete site index i by a continuous spatial parameter x and the occupation number ρ i by the particle density ρ. We approximate ρ(x ± 1) by the lowest-order terms of the corresponding Taylor expansion 〈 〉 with respect to x, ρ i±1 ρ(x) ± dρ(x)/dx. Making these replacements in the time evolution equations (5) and (6), we obtain the following partial differential equation:
with boundary condition ρ(x = 0) = 0. In steady state its solution can be written as
In the absence of a shock, this solution is very similar to the mean-field profile ρ MF i . A shock corresponds to a jump in the motor density, where the first derivative of ρ(x) diverges. From Eq. (9) we infer that this occurs at ρ c = (1 + γ )/2γ , which depends only on the hopping rate γ , but not on the attachment and detachment rates ω andω. A shock will thus appear as soon as ρ ∞ > ρ c . This condition can be expressed in terms of a critical hopping rate γ c with
such that a shock exists for γ > γ c . This result is consistent with our numerical findings (see Fig. 3 ).
Note that γ c diverges forω = ω. Forω > ω, a shock cannot exist. In that case the motor density on the filament reaches a stationary value of ρ ∞ = ω/(ω +ω) < 1/2 and motor interactions play a minor role. This is similar to the behavior of the TASEP with Langmuir kinetics, where a stationary density ρ ∞ > 1/2 is a necessary condition for the emergence of shocks [29] . It is useful to classify the steady state dynamics by introducing three different phases: a low-density phase with ρ ∞ < 1/2, a high-density phase with ρ ∞ > 1/2 but without shock, and a mixed phase where a shock separates a region of low motor density ρ < ρ c from a region of high density ρ = ρ ∞ > ρ c (see Fig. 5 ). For a system in the mixed phase, the average occupation number increases in the low-density region roughly linearly with the distance from the plus end. From Eq. (9) we infer that the corresponding FIG. 5 . Phase diagram for a semi-infinite lattice as a function of the particle hopping rate γ and the ratioω/ω of the particle detachment and attachment rates. In the low-density phase ρ ∞ = ω/(ω +ω) < 1/2 and the particle distribution is continuous. In the high-density phase ρ ∞ > 1/2 and the motor density can either be continuous or display a shock. The line separating states with shock from those without is given by Eq. (11).
slope equals ω/(1 + γ ), which is independent ofω [see also Fig. 3(b) ].
As an alternative to Eq. (10), the shock position can be determined by exploiting the flux-balance condition. It is obtained from integrating Eq. (9) in a steady state ∂ t ρ = 0 with respect to x. This yields
where x s denotes the shock position. Approximating the density for x < x s by the linear profile given above, we obtain
Consistently with Eq. (11), this expression implies that the shock position is defined only for γ > γ c .
IV. FILAMENT LENGTH DISTRIBUTION
We now return to the full system with particle-dependent site removal at the minus end and discuss the corresponding steady state length distribution. We have noted above that three different scenarios are possible (see Fig. 2 ). For βρ ∞ +β(1 − ρ ∞ ) < 1 the system size is expected to diverge. In the case that both β andβ are larger than one the system size distribution decreases monotonically. For β andβ between these marginal values the length distribution can become unimodal.
In this section we will analyze the boundaries of the unimodal phase in parameter space and characterize the unimodal length distributions. In the context of the latter, we will focus on the typical length L typ , which is the most probable length, and the distribution's variance σ . As can be seen in Fig. 6 , both values decrease with increasing particle hopping rate γ . The length distribution is obviously tightly linked to the particle distribution. We will hence investigate separately the low-and high-density phases identified in the preceding section.
A. Analysis of the flux-balance condition
We start our analysis of the average system size by analyzing the continuum limit. In that case the flux-balance condition introduced in Sec. III A becomes
where L is the system length, j is the motor current, and ρ is the particle density profile in steady state. Since sites added to the system are empty, j (0) = 0. Forβ = 0 and in steady state, the effective rate of site removal at the minus end equals the flux of particles out of the system. At the same time it is equal to the rate of site addition. Hence j (L) = 1. Since the density profiles differ markedly between the high-and the low-density phases, we treat both cases in turn. We limit our analysis to the caseβ = 0.
Low-density phaseω > ω
We have seen in Fig. 4 that the two-point correlation function n i n i+1 depends quadratically on n i such that the particle current is given by the corresponding mean-
Numerically, we find that this expression approximates the average system length well as long as γ 2 (see Fig. 7 ). The breakdown of relation (15) for γ < 2 is expected because in that case ρ(L) = 1/γ > 1/2, which is outside the low-density phase and the two-point correlations start to deviate from their mean-field values (see Fig. 4 ).
High-density phaseω < ω
In the high-density phase the particle profile is prone to form a shock and the mean-field approximation for the current breaks down. In this case we can use the right-hand side of Eq. (14) to estimate the average system size L. Note that the average system size must lie below the shock position x s because for L > x s the average site removal rate is independent of L. For x < x s we can approximate the particle density profile by a linear distribution ρ lin (x) = ωx/(1 + γ ) (see Sec. III B). Replacing ρ by ρ lin in Eq. (14), we obtain from the integral
As expected, this estimate of the system size agrees well with the values obtained from simulations for γ 2 (see Fig. 7 ). Remarkably, for sufficiently large values of γ the above estimate agrees rather well with the result obtained in the low-density regime. In both cases we find L = ω −1 for γ → ∞. To end the discussion of the flux-balance condition note that solutions 0 L < ∞ of Eq. (16) exist only for γ > 1 + 2ω/ω.
B. Beyond flux balance
In the limiting cases γ of immobile particles and γ → ∞ of maximally mobile particles, we can go beyond the flux-balance condition and obtain the full length distribution. In these cases we can define random walks for the evolution of the system size that have the same steady state distribution as the original system.
In general, such a random walk can be written in the formṖ j L resulting from site addition and removal:
In this expression β L equals the instantaneous site removal rate. It depends on the occupancy of the site i = L, which in turn depends on the history of the system. Consequently, Eq. (17) is a priori not closed, but must be complemented by expressions for the particle distribution to obtain the full master equation. A naive idea would be to express the site removal rate β L in terms of the average occupation number ρ L of site L given in Eq. (8) . Its contribution to the current then reads
In general, however, the random walk obtained in this way largely fails to describe the steady state length distribution (see, for example, Fig. 8 ). This approach fails because of intricate correlations between the occupation number n L at the minus end and the system length L. In particular, removal events at site L depend crucially on events that have already occurred since the site now at L has become the minus end.
For γ = 0 we propose an approximate expression for the current j L yielding a closed master equation of the form Eq. (17). In the limit γ → ∞ the form of the motor distribution is known, which can be used to close the master equation (17) . We discuss both cases in turn.
Immobile particles γ = 0
To obtain an improved approximation of the probability current corresponding to site removal at the minus end, we can account for the attachment and detachment dynamics at site i = L, while still neglecting correlations between neighboring sites. In spirit this is similar to our analysis of the motor distribution in Sec. III A.
Let p 0 (τ ) and p 1 (τ ) be the respective probabilities that site i = L is, respectively, empty or occupied at a time τ after the site has become the minus end. The probability that the site has been removed prior to time τ is denoted p x such that p 0 + p 1 + p x = 1 for all τ . In the case of a vanishing hopping rate γ , the time evolution of p 0 and p 1 can be written in the form ∂ ∂τ
As initial conditions we choose 
and approximate the effective removal rate β eff (L) of the minus end as β eff (L) = τ −1 . As shown in Fig. 8 , the ensuing distribution gives a good approximation of the system's average length. We can give an analytical expression for the typical system length L typ , which is very similar to the average length. It is obtained by setting β eff (L typ ) = 1 and yields for β = 0
The corresponding expression for the caseβ = 0 is slightly more involved. In spite of the good approximation of the typical system length, this ansatz for β eff (L) accounts poorly for fluctuations. The previous approximation neglects changes in the system size after a site has reached the minus end. As we will see now, accounting for these changes yields a satisfactory approximation of the system size distribution in the case γ = 0. Consider the probabilities p 0 (L, ,τ ) and p 1 (L, ,τ ) for the site at the minus end of the system i = L to be empty or occupied, respectively. Now we take into account that these quantities depend not only on the actual filament length L but also on the length the filament had when the respective site first reached the minus end as well as on the time τ that has passed since this moment. Together with the probability p x (L, ,τ ) that the monomer was removed from the filament prior to time τ , we have again p 0 + p 1 + p x = 1. We can determine p 0 and p 1 again from Eq. (19) , but now with initial conditions p 0 (0) = 1 − ρ −1 and p 1 (0) = ρ −1 . The value of ρ i is again given by Eq. (8) . We have thus determined the rate at which the minus end site is removed at time τ after it has become the minus end, which is given by ∂ τ p x .
From this value we can derive the average steady state removal rate β ,L of a site from a system of length L that had become the minus end when the system had length :
In this expression we have used the Poisson distribution to relate the time τ that has passed since the respective site has become the minus end to the length increase L − of the system through addition of sites at the plus end during this time. The expression for the current in steady state is then given by
Note that this expression for the current is valid only in steady state because otherwise the probabilities P , = 1, . . . ,L + 1, would need to be taken at different time points and the calculation of the rate β ,L would involve an integration of the system's history. We solve Eq. (23) numerically and obtain in this way the steady state distribution of the system sizes. As shown in Fig. 8 , the distribution now agrees well with the one obtained from simulations. In Figs. 9(a) and 9(c) we display the corresponding mean values and variances as a function of β.
Limit γ → ∞
In the limit γ → ∞ the form of the particle distribution is known at any time: The system is divided into a region of length M starting at site i = 1 that is void of particles and a region of length N = L − M extending to the minus end in which every site is occupied. This form allows us to map exactly the length dynamics of our system onto a two-dimensional random walk. For M > 0 and N > 0 the probability P M,N evolves according toṖ
whilė 
Here we have considered the caseβ = 0. To analyze this two-dimensional random walk, we study the marginal distributions P 
with
and no-flux boundary conditions j Their respective solutions can be given in the form
where the values P I 0 and P II 0 are determined from normalization of the marginal distributions.
These results can now be used to solve Eqs. (30) and (31) self-consistently. While the general result is rather cumbersome and not very revealing, it takes a simple form in the caseω = 0. Explicitly,
. Hence the mean system size and the corresponding variance are given by
and
respectively. A comparison of these results with numerical simulations shows good agreement (see Fig. 9 ). We can connect this result to the result of the flux-balance analysis of the high-density case presented in Sec. IV A2. In that analysis the system length was obtained by considering only the region before the shock. In the above discussion we have seen that the region behind the shock contributes 1/(β − 1) to the average system length. Adding this term to the average length obtained from Eq. (16), we find excellent agreement with simulation results (see Fig. 9 ). Note that the arguments used above hold only in the caseω = 0. Otherwise, the density behind the shock is smaller than 1.
C. Phase diagram
We are now in place to sketch the phase diagram of the system forβ = 0. Let us recall that in semi-infinite systems with β = 0, the average particle density increases monotonically and approaches asymptotically the value ρ ∞ = ω/(ω +ω). This suggests a rough estimate of the critical particle-induced site removal rate β c such that the system size diverges for β < β c , namely, β c ρ ∞ = 1. While this estimate gives a lower limit for β c in the case γ = 0, this is no longer true for finite hopping rates γ > 0 (see Fig. 10 ). The latter simply reflects that particles can pile up towards the minus end as discussed above. From the figure we see that β c increases monotonically with an increasing particle detachment rateω and decreases monotonically with increasing values of γ .
In the case γ = 0 we can use the explicit expression for L typ [Eq. (21) ] to estimate β c . The expression for L typ = ∞ diverges as β approaches
These values for β c agree very well with our numerical results (see Fig. 10 ). In the opposite limit γ → ∞ we see from the expression for L ∞ that in this case β c = 1. For values 0 < γ < ∞ we do not have an analytic expression for the average system length. As shown in the Appendix, we can estimate the value of β c without an explicit expression for the average system length. In this case β c is solution of the quadratic equation
While the ensuing value differs for γ = 0 from the expression given in Eq. (38) , it still gives a reasonable estimate of the critical valueω c at which β c diverges for all values of γ 1 we have checked (see Fig. 10 ).
In Fig. 11 we display the phase diagram as a function of γ andω/ω in the limit β → ∞. However, the phase diagram hardly changes for values of β down to approximately 3/2. We can use the results of the flux-balance analysis to determine the boundary between the phases of finite and diverging system size. Forω > ω we obtain from Eq. (15) in the limit L → ∞ thatω/ω = γ − 1. This gives exactly the numerical result forω > ω and continues to be a good approximation of the phase boundary in the high-motor-density regime. Forω < ω the solution of Eq. (16) for the average system size exists only forω/ω < (1 + γ )/2 − 1. Remarkably, in the regionω < ω violating this condition, the average system length is well approximated by Eq. (15) (see also Fig. 7 ).
D. Quality of length regulation
In a biological context, a cell might want to tightly control the length of filaments. That is, the width σ of the length distribution should be small compared to the average length L . To discuss this property, we define the quality Q of system size regulation as Q = σ/ L . For an exponential distribution Q = 1, while unimodal distributions have Q < 1. In Fig. 12 we present Q as a function of the particle-induced depolymerization rate β and the particle hopping rate γ . Independently of the particle detachment rateω, we see that the average system size is better defined with increasing γ , except in a small region at β 1. The value of Q saturates when γ is of the same order as the rate of system growth at the plus end. Forβ = 0 andω = 0, the saturating value can be obtained by using the results of Sec. IV B2 and is given by Q ∞ = √ ω(1 + ω). For ω → 0 we find Q ∞ → 0. To understand this behavior note that with increasing length of the system, the number of possible processes leading to subunit removal increases as the attachment of a motor to any site along the system will result in immediate site removal at the minus end. In steady state the average site removal rate equals 1 such that the mean filament length behaves as ∼ω −1 . The law of large numbers then implies that the distribution of removal events has a variance of ω −1 . To see why Q increases as β → 1 let us note that this limit is similar to the limit γ → ∞. Indeed, since sites are removed from the minus end at a very slow rate, there exists again a region with ρ ≈ ρ ∞ . As we argued in Sec. IV B2, this region is exponentially distributed with mean (and thus variance) 1/(β − 1). The other region should have a size of order 1/ω and its variance is 1/ω (see Sec. IV B2). We thus get Q = ω(ω + (β − 1) 2 )/(ω + β − 1), which approaches 1 if β → 1.
V. DISCUSSION
Motivated by experiments in microtubules, we have analyzed in this work a driven lattice gas model for the length dynamics of treadmilling filaments in the presence of molecular motors that can induce site removal at the minus end. We have found two phases of bounded and unbounded growth, respectively. We have identified critical values for the rate of motor-induced site removal and the detachment rate of motors. In the limits γ = 0 and γ → ∞, we have introduced random walks that accurately describe the corresponding steady state size distributions.
As we have seen, mean-field arguments gave a very good quantitative understanding of the system's behavior. Quantitatively, however, we observed differences between the results of our mean-field analysis and simulation results. In Fig. 9 we showed that an educated guess for a correction to the mean-field result gave an expression that probably gives exactly the average system size. Based on heuristic arguments and numerical investigations, correction terms for other mean-field results can be obtained for 0 < γ < ∞ and ω = 0 [19] . Correction terms can be obtained in a similar way forω > 0. Beyond the mean-field approximation we can extend the results of the analysis of the random walk in the case γ → ∞ to finite values of the particle hopping rate and obtain a good estimate of the size distribution's variance [19] . It will be challenging to give sound derivations of these results.
The results of our calculations can be tested in experiments. Treadmilling microtubules have been exposed to the minusend-directed motor Kar3p that increases the rate of subunit removal [40, 41] . To measure the length distribution of an individual microtubule, one could employ a microfluidic device that on the one hand traps the filament and on the other hand allows one to control the concentration of cytosolic motors and tubulin subunits. For this purpose a cross-flow geometry similar to the one used in Ref. [43] to study fluctuations of actin filaments could be used.
A finding of possible biological relevance is the robustness of the quality of size regulation to changes in the particleinduced site removal rate or the particle hopping rate. It shows that a cell would not need to fine-tune motor properties in order to achieve the filament length distribution with the smallest dispersion. This could be used, for example, during early stages of development of the fruit fly D. melanogaster, when the embryo still consists of one cell with many nuclei (the syncytium). During mitosis, the size of the spindle separating the chromosome cannot be bounded by a cell membrane and has to be internally regulated through the length of the constituting microtubules. Since we have seen that the average system length is essentially set by the motor attachment rate, the embryo could regulate the spindle size by changing the concentration of motors in the cytosol.
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